By a finite abelian group G, one can construct the integral group ring ZG. Let us denote the unit group of ZG by U (ZG). The rank of torsion-free part of unit group is determined by Ayoub and Ayoub [4] as ρ = 1 2 (|G| + n 2 + 1 − 2l) with respect to the result of Higman [5] . Here n 2 denotes the number of elements of order 2 in G and l denotes the number of all distinct cyclic subgroups of G. Kelebek and Bilgin have given the relations on the rank of unit group U (ZA) for the group A = C n × B where B = C 2 , C 3 , C 4 and K 4 [1] .In this paper, we get the rank of torsion-free part of unit group for C * n = C n × B where B = C 6 by constructing order table of elements in C * n according to some n = p k , p k q.
Introduction
Let us denote the integral group ring of a given finite abelian group A by ZA and the unit group of ZA by U(ZA). At first, let us give a very important result on U(ZA). [5] where n 2 is the number of elements of order 2 in A and l is the number of all distinct cyclic subgroups of A.
Hoechsmann gave the structure on construction of set of generators of finite index subgroup of U(ZA) [2] . This set is called by constructable units. We can easily see that when the unit group U(ZC n ) is trivial.
Corollary 1.2 U(ZC n
= ±C n ⇐⇒ n = 1, 2, 3, 4 or 6
Higman extended this result to finite abelian and non-abelian groups.
[5]
If n is different from 1,2,3,4 or 6, we need to compute the rank. Kelebek and Bilgin [1] modified the formula of rank in Theorem 1.1 with respect to Dirichlet unit theorem as follows:
Since C n =< a : a n = 1 > and C 6 =< x : x 6 = 1 >, our problem is to determine the rank of U(ZC * n ) where C * n = C n × C 6 . Theorem 1.1 and 1.4 induces the problem to factorization of the number n, investigate the number of elements of order 2 in C * n and the number of all distinct cyclic subgroups of C * n . This operations are not easy as expected. A method for getting the number of generators of the unit group of integral group ring ZA of a given finite and commutative group A by Faccin [3] . Computation of rank is very crucial to complete characterization of generators of U(ZA). We can not give a complete characterization of dependent and independent unit generators if we do not know the rank of unit group. We know that U(ZC n ) = ±C n ⇐⇒ n = 1, 2, 3, 4 or 6.Kelebek [1] 
Theorem 1.5 Let p and q be distinct primes and k be an integer. If n has the form
But the same modification can not be applied for C 4 since the structures of C 4 which is cyclic and K 4 which is not cyclic are different. Kelebek [1] 
Case 3: B = C 3 Theorem 1.7 Let A = C n × C 3 and p and q are distinct primes greater than 3. Then,ρ 4 and p and q are distinct odd primes. Then, 
Rank of
In this section, we shall investigate the rank of U(Z[C n × C 6 ]) in terms of the rank U(ZC n ) where C n =< a : a n = 1 > and C 6 =< x : x 6 = 1 > are distinct finite cyclic groups. Let us denote the rank of U(ZC n ) by ρ and the rank of U(Z[C n × C 6 ]) by ρ. Now, we can state and proof our first main theorem: Theorem 2.1 Let A = C n × C 6 and p be a prime greater than 3. Then, the rank of U(ZA) is
By Theorem 1.5 and 1.7, we conclude that
. By Theorem 1.5 and 1.7, we conclude that
We can easily compute the rank of U(ZC n ) as follows:
Then, we get the rank relation between U(ZC n ) and U(ZC 6n ) in the following:
as required.
. Therefore, we established the relation between the ranks of U(ZC n ) and U(ZC * n ) for n has the form p k . As we expressed previously, the problem is too difficult in case of A is a non-cyclic abelian group since the problem is induced to find the number of elements of order 2 in A and the number of all cyclic subgroups of A. Now, let us consider the group A = C n ×C 6 where n is factorized by n = p 
Proof. First, let us find the rank of U(ZC n ). To do this, we must determine the number n 2 of elements of order 2 in C n and the number l of all distinct cyclic subgroups of C n . We know that if n is even, n 2 = 1, if not, n 2 = 0. In this situation, since n = p
. . p αt t and all p j 's are primes greater than 3, n 2 = 0. Also, we know that the number of all distinct cyclic subgroups of C n is the number of all positive divisors of n. So, we can easily see that l = t j=1 (α j +1). Therefore, the rank of U(ZC n ) is obtained as follows:
if we take a non-cyclic group A, our problem becomes more difficult since there is no general formula for identifying the numbers n 2 and l. That is, the rank of unit group of the integral group ring of A is not obtained easily. Now, let us state and prove the following theorem dealing with such a situation.
370Ömer KÜSMÜŞ Theorem 2.3 Let C * n = C n × C 6 . Then, the following relation on the ranks of U(ZC * n ) and U(ZC n ) is provided:
Proof. i)n = 2 k 3 =⇒ Let us compute the number of all distinct cyclic subgroups of C * n = C n × C 6 from the table in Appendix I. There are 12k + 12 elements in this table. If we pay attention, we see that
That is 2k + 2 elements in this table generate same cyclic subgroups of C * n . Therefore, the number of all distinct cyclic subgroups of C * n is l = 10k + 10. Also, it is clearly seen that the number of elements of order 2 in C * n is n 2 = 3. Since
we get the rank of U(ZC * n ) as follows:
Now, let us consider the other case. ii)n = 3 k 2 =⇒ As in the previous process, let us investigate the numbers n 2 and l in case of n = 3 k 2 from the table in Appendix II. There are 12k + 12 elements in the table. All elements generate distinct cyclic subgroups except for the cases < x >=< x 5 >, < xa
we obtain the rank of U(ZC * n ) as follows: 
Conclusion
We have computed the rank of unit group of integral group ring of the group C * n = C n × C 6 in terms of the rank of U(ZC n ) for some positive integers n have the forms p k and p k q. If we summarize the cases of n we can express the rank of U(ZC * n ) as follows: 
